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Diagnosis of Psychiatric Illness

▶ Diagnostic and Statistical Manual of Mental Disorders
(DSM-5)

▶ Nosology: the branch of medical science dealing with the
classification of diseases
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DSM-5 Exmaples

(a) depression (b) bipolar
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Functional Examples

▶ 353 patients in total

▶ 10 weeks open label

▶ all patients get drug

▶ melancholic depression or
atypical depression
diagnosed by DSM-5
criteria

▶ mean trajectory of the
HRSD decreases
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Functional Examples
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Functional Data

yyy i (t), i = 1, . . . , n, t ∈ T , typically a compact real interval

yyy i (t) = bbb′(t)βββi + ϵϵϵi (t) =
∞∑
j=1

βijbj(t) + ϵi (t)

bbb = (b1(t), . . . , bp(t), . . .)
′ is a vector basis observations

represented by basis functions
βββi = (β1i , . . . , βip, . . .)

′ is a vector of regression coefficients

Examples of Functional Data in Mental Health

▶ MRI and fMRI data (Reiss et al. 2014, JCGS, and Chen et al. 2014,
Biometrics )

▶ EEG data of Brain (Tarpey and Petkova 2012)

▶ Any data that is not a point and can be seen as trajectories or
expressed by basis functions
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Preconditioning - Linear Transformation

The linear model

yyy i = XXX iβββi + ϵϵϵi

is identical to
yyy i = [XXX iAAA

−1][AAAβββi ] + ϵϵϵi

If AAA is a non-sigular matrix.
The linearly transformed design matrix XXX iA

−1 can be regarded as
a change in the basis representation of the functional data
However, Clustering result based on the original coefficients
βββi can differ dramatically from cluster results using AAAβββi
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Cluster Results Changes by Linear Transformation

Simulated Data

Data is simulated from two bi-variate normal distributions

XXX 1 ∼ N(

(
0
0

)(
0.8 −0.7
−0.7 0.8

)
) XXX 2 ∼ N(

(
0
0

)(
0.8 0.7
0.7 0.8

)
)
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Linear Tranformation
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Linear Transformation

Goal: Find a linear transformation AAA to optimize the clustering
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Method

Let XXX be the data, AAA be a non-singular matrix represent the linear
transformation, and C represent the current label (e.g. diagnosis of
melancholic depression or atypical depression)

min L
(
Kmeans(XXXAAA), C

)
Where

AAA = argmin L
(
Kmeans(XXXÃAA), C

)
Question: How do we find an appropriate Loss function L?
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Method

Question: The number of the distinct classes in the label might
be different from the K-means (K pre-determined). Way to
measure the ”match-up” of the two-different clustering of a data?
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Variation of Information (VI)

Given two clusterings of the same data C1 and C2, let

P(j , j ′) =

∣∣∣Cj ⋂ C′
j

∣∣∣
n

, j = 1, 2, . . . ,K

for cluster Cj in C1 and cluster C′
j in C2.

Mutual Information = I (C1, C2) =
K∑
j=1

K∑
j ′=1

P(j , j ′) log(
P(j , j ′)

P(j , j),P(j ′, j ′)
)

Entropy for C = H(C) = −
k∑

j=1

P(j) log(P(j))
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Variation of Information (VI) continuous

metrics to measuring similarity between two clustering of the
same data

Variation Information = VI (C1, C2) = H(C1) + H(C2)− 2I (C1, C2)

1 Optimal: VI = 0 if the two clusterings produce identical
clusters (up to a re-labeling)

2 VI > 0 otherwise

3 VI (C1, C2) is bounded by log(n) or 2 log(K ∗),
K ∗ = max(K ,K ′)
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Parametrize Linear Transformation Matrix AAA – Two Dimension Case

RRR =

(
cos θ − sin θ
sin θ cos θ

)
AAA = BBB ×RRR

where BBB can be any unit vector in two dimensional space
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Parametrize of Linear Transformation Matrix AAA – High Dimensional Case

RRR =

p∏
i=2

RRR i

Ri =



a11 0 0 −b1i . . . 0 0
0 1 0 0 . . . 0 0
0 0 1 0 . . . 0 0
bi1 0 0 aii . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . 1 0
0 0 0 0 . . . 0 1


p×p

apq = cos γq bpq = sin γq
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Obtain the Projection Matrix A – High Dimensional Case

We can find matrix AAA by

AAAq×p = BBBq×p ×RRRp×p

AAAq×p = argminVI
(
Kmeans(XXXÃAA), C

)
1 BBBq×p is an orthonormal matrix with q norm vectors in the p

dimensional space (e.g. BBBq×p =


1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0


q×p

)

2 q ≤ K ∗ − 1
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Obtain the Projection Matrix A – High Dimensional Case

Recall

▶ data matrix XXX n×p

▶ non-singular transformation matrix AAAp×q

▶ yyy i (t) = bbb′(t)βββi + ϵϵϵi (t) =
∑∞

j=1 βijbj(t) + ϵi (t)

Instead of clustering the data based on the raw data XXX , we can
cluster the data based on the coefficients βββn×r .
We can obtain the transformation matrix AAA and cluster G by

AAA = argmin
[
VI

(
Kmeans(βββAAA), C

)]
G = argmin

G

K∑
i=1

∑
x∈i

||βββAAA− µi ||2
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K = 5, q = 4

Semi-Supervised Clustering 22 / 27 Hanchao Zhang



Motivation Approach – improve the clustering for functional data Reference to Other Approaches Reference

Improvement on Variation Information

K = 3 K = 4 K = 5

no transformation 2.31 2.71 2.96
q = 1 1.46 1.82 2.03
q = 2 1.40 1.78 2.02
q = 3 1.76 1.95
q = 4 1.91

Table 1: Variation Information w.r.t K and q

The variation information reduce with projection on a higher
dimension for each K
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Outcome Guided K-means, L Meng, D Avram, G Tseng, Z Huo, 2020

max
C ,www

G∑
g=1

wg

[BCSSg
TSSg

+ λUg

]
subject to||www ||2 ≤ 1, ||www ||1 ≤ s

Ug = 1−
[L(f0)
L(fg )

] 2
n

where n is the number of subjects, L(f0) is the ikelihood of null
model, and L(fg ) is the likelihood of model fg .
Univariate regression model fg can be linear model, glm, cox model
or other regression models.
The scale of L(f0)

L(fg )
and

BCSSg
TSSg

are both [0, 1]

Semi-Supervised Clustering 25 / 27 Hanchao Zhang



Motivation Approach – improve the clustering for functional data Reference to Other Approaches Reference

Outcome-Guided Mixture Model, Peng Liu, Yusi Fang, Zhao Ren, Lu Tang,
George C. Tseng, 2021

Assume a following mixture model:

f (yi ;xxx i ) =
K∑

k=1

πik fk(yi ;xxx)i )

where fk(y ,xxx) is the density function of cluster k . Assume
yi |zi = k ∼ N(β0k + βββTxxx i , σ

2)

L(θθθ) =
n∏

i=1

K∑
k=1

πik(ggg i , γ)f (yi ;xxx i , β0k ,βββ, σ)
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